This paper proposes the Gramian-preserving frequency transformation for linear discrete-time state-space systems. In this frequency transformation, we replace each delay element of a discrete-time system with an allpass system that has a balanced realization. This approach can generate transformed systems that have the same controllability/observability Gramians as those of the original system. From this result, we show that the Gramian-preserving frequency transformation gives us transformed systems with different magnitude characteristics, but with the same structural property with respect to the Gramians as that of the original system. This paper also presents a simple method for realization of the Gramian-preserving frequency transformation. This method makes use of the cascaded normalized lattice structure of allpass systems.
Introduction
The controllability Gramian and the observability Gramian of linear dynamical systems play crucial roles in many aspects of linear system theory. These Gramians are known to be very useful for analysis of structural properties of systems, which enables us to solve many problems that cannot be handled by the transfer function-based analysis. Some examples of these problems can be seen in balanced model reduction [1] , [2] and analysis/synthesis of high-accuracy digital filters with respect to quantization effects [3] - [7] .
Frequency transformation is a technique for design of linear systems by means of variable substitution in a transfer function. On a discrete-time system, this technique is realized by replacing each delay element of the system with an appropriate allpass system. Practical applications of this technique can be seen in signal processing theory, where the frequency transformation is applied to design of frequency selective filters [8] and realization of variable digital filters [9] , [10] .
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However, conventional descriptions of the frequency transformation have paid most attention to magnitude characteristics of systems. Therefore, up to the present, few results have been reported about the frequency transformation from the viewpoint of structural properties with respect to the controllability/observability Gramians. Since the Gramians are essential to many practical issues of linear system theory, it is required to investigate the relationship between the frequency transformation and the Gramians.
The main contribution of this paper is to propose a new description of the frequency transformation that can control not only magnitude characteristics but also the controllability/observability Gramians of linear discrete-time systems. We refer to this new description as the Gramian-preserving frequency transformation, which gives us transformed systems with different magnitude characteristics, but with the same controllability/observability Gramians as those of the original system. This property shows that the structural properties with respect to the controllability/observability Gramians are preserved under frequency transformations, and thus useful realizations such as low-sensitivity realization, minimum roundoff noise realization, and limit cycle free realization are also preserved under frequency transformations.
We will derive this result by extending our previous work [11] . In Ref. [11] , we discussed the behavior of the second-order modes (positive square roots of the eigenvalues of the matrix product of the controllability and observability Gramians) under bounded-real transformations, where we showed that the second-order modes are invariant under any frequency transformation * * . Although this topic seems to be closely related to our present work, the work of [11] focuses on only the eigenvalues of the product of the two Gramians, and thus the relationship of each of the two Gramians to frequency transformations has not been discussed up to the present. In our present work, we will reveal this relationship, which leads to derivation of the Gramian-preserving frequency transformation.
In addition to the above-mentioned contribution, this paper also proposes an efficient algorithm for realization of the Gramian-preserving frequency transformation. In order to realize the Gramian-preserving frequency transformation, we need to replace each delay element of a discrete-time system with a balanced allpass system, i.e. an allpass system that has a balanced realization. Although a balanced allpass system can be given through the well-known similarity transformation, this approach will require complicated tasks for realization of transformed systems. Instead of using this approach, this paper proposes another simple method, which makes use of the cascaded normalized lattice structure for construction of a balanced allpass system. This method achieves a closed-form formulation of the Gramianpreserving frequency transformation, which is very suitable for realization and implementation of transformed systems.
The organization of this paper is as follows. Section 2 gives preliminaries, where we introduce linear discrete-time state-space systems, controllability/observability Gramians and conventional descriptions of frequency transformation. Sections 3 and 4 present our main results: Sect. 3 proposes the mathematical description of our proposed Gramianpreserving frequency transformation, and Sect. 4 provides a simple method for realization of the Gramian-preserving frequency transformation using the cascaded normalized lattice structure of allpass systems. Section 5 gives a numerical example to demonstrate our main results.
Preliminaries

Linear Discrete-Time State-Space Systems
Consider an N-th order stable multi-input/multi-output discrete-time system described by the following state-space equations:
where u(n) ∈ m , y(n) ∈ p and x(n) ∈ N are the input, the output and the state vector, respectively, and A, B, C and D are real matrices with appropriate size. The coefficients ( A, B, C, D) and the transfer function H(z) are related as
where I N is the N × N identity matrix. Throughout this paper, the state-space system is assumed to be controllable and observable.
It is well-known that the transfer function H(z) is invariant under nonsingular transformation matrices T ∈ N×N of the state: if x(n) is transformed into T −1 x(n), then the new state-space system (T −1 AT, T −1 B, CT, D) is an equivalent realization to ( A, B, C, D) of the transfer function H(z). This nonsingular transformation is called similarity transformation.
Controllability Gramian and Observability Gramian
For the system ( A, B, C, D), the solutions K and W to the following Lyapunov equations are called the controllability Gramian and the observability Gramian, respectively:
These Gramians K and W are symmetric and positive definite because the system ( A, B, C, D) of H(z) is assumed to be stable, controllable and observable. As stated earlier, the controllability and observability Gramians are closely related to structural properties of linear dynamical systems. In the field of digital signal processing, for example, these Gramians characterize the quantization effects of digital filters such as roundoff noise [3] , [4] , limit cycle [5] , and coefficient sensitivity [6] , [7] .
The controllability and observability Gramians depend on the similarity transformations. Let the controllability and observability Gramians of a system (T −1 AT, T −1 B, CT, D) that is obtained by a similarity transformation T be K and W , respectively. Then, we know
Frequency Transformation and Its State-Space Formulation
Frequency transformation [8] is a variable substitution
which results in a new transfer function H(F(z)) from a prototype transfer function H(z).
From the system realization point of view, this substitution is interpreted as the replacement of each delay element z −1 of a prototype system with another system 1/F(z). The transformation function 1/F(z) is defined as an M-th order stable allpass function of the form
where
and g M,k 's are real coefficients. If the order of H(z) is N, then the order of H(F(z)) is MN. In Ref. [12] , the above-mentioned frequency transformation is described by the state-space representation. That is, for a given H(z) and its state-space representation ( A, B, C, D), Ref. [12] gives a state-space representation of H(F(z)). Such a description is now introduced in the following lemma. 
1/F(z)
where I M is the M × M identity matrix. Then, the transformed system H(F(z)) is described in state-space form by where I MN is the MN × MN identity matrix and the coefficients A, B, C and D are given as
In the above equations, ⊗ denotes the Kronecker product for matrices.
Equations (12)- (15) in Lemma 1 are derived by considering the state-space model given in Fig. 1(b) , which is generated from Fig. 1(a) by replacing each delay element of ( A, B, C, D) with an allpass state-space system (α, β, γ, δ)
† . We next turn our attention to the controllability and observability Gramians of the transformed state-space system ( A, B, C, D) . The description of these Gramians is given by the following lemma.
Lemma 2 ([12]
): Let (K, W) be the controllability and observability Gramians of a discrete-time system ( A, B, C, D) . Similarly, let (K, W) be the controllability and observability Gramians of ( A, B, C, D) given in Lemma 1, i.e.
Then, K and W are respectively related to K and W as
where Q and its inverse Q −1 are respectively the controllability and observability Gramians of the allpass system (α, β, γ, δ), i.e.
Gramian-Preserving Frequency Transformation
This section presents a new mathematical description of frequency transformation, which can preserve the Gramians of prototype discrete-time systems. To this end, we first need to give the following two lemmas that are the modified versions of Lemmas 1 and 2, respectively.
Lemma 3:
Let ( A, B, C, D) and (α, β, γ, δ) be state-space representations of H(z) and 1/F(z), respectively. Then, the transformed system H(F(z)) can be described in state-space form as follows:
Lemma 4: Let ( A, B, C, D) be a state-space representation of H(z) and let (K, W) be the controllability and observability Gramians of ( A, B, C, D). Similarly, let ( A, B, C, D) be the transformed state-space system given in Lemma 3 and let ( K, W) be the controllability and observability Gramians of ( A, B, C, D), i.e.
where Q and Q −1 are given as (20) and (21), respectively.
The proofs of the above two lemmas are omitted here since they can be respectively proved in a similar way to the proofs of Lemmas 1 and 2 [12] . From Lemma 4, we immediately obtain the following theorem that plays an important role in derivation of our main results.
Theorem 1:
Let K and W be as in Lemma 4. If Q = I M holds, these K and W become block diagonal matrices with M diagonal blocks all equal to K and W, i.e.
From the above theorem, we know that the transformed system ( A, B, C, D) has the same Gramians as those of ( A, B, C, D) if the allpass system (α, β, γ, δ) satisfies Q = I M . Therefore, it follows that the Gramians are preserved under frequency transformations by constructing 1/F(z) appropriately such that Q = I M holds.
Looking at (20) and (21), we easily see that Q = I M is satisfied by setting Q = Q −1 , i.e. by forcing the controllability and observability Gramians of the allpass system to be identical to each other. As is well-known, a linear system with identical controllability and observability Gramians is a balanced realization [13] , [14] . Hence we can conclude that, if we construct 1/F(z) as a balanced realization, we can realize frequency transformations such that the transformed systems have the same controllability/observability Gramians as those of the prototype system. Consequently, we present the following theorem. Let ( A, B, C, D) be a state-space representation of H(z), and let K and W be the controllability and observability Gramians of ( A, B, C, D) . Now, let (α b , β b , γ b , δ b ) be a balanced realization of 1/F(z), and consider the following set of coefficients ( A, B, C, D) of the transformed system H(F(z)):
Theorem 2:
Then, the controllability and observability Gramians of ( A, B, C, D) are respectively given by (31) and (32).
We refer to the new frequency transformation of Theorem 2 as the Gramian-preserving frequency transformation. By using the Gramian-preserving frequency transformation, we can convert a given prototype system into another system with a different magnitude characteristic, but with the same controllability/observability Gramians (with multiplicity M) as those of the prototype system. This result will be useful for many practical applications of linear system theory. For example, this result can be applied to design and synthesis of high-accuracy digital filters with respect to quantization effects -given a prototype digital filter with a useful realization such as low-sensitivity realization, minimum roundoff noise realization and limit cycle free realization, the Gramian-preserving frequency transformation generates another digital filter that has the same useful realization as that of the prototype filter.
Here, we address the relationship between the above result and our previous work [11] . As stated in Section 1, the work of [11] shows the invariance of the eigenvalues of the matrix product of the controllability and observability Gramians under frequency transformations. On the other hand, our present work has revealed the invariance property with respect to each of the two Gramians. Although the eigenvalues of the matrix product of the two Gramians are always invariant under frequency transformations, each of the two Gramians is not necessarily invariant under frequency transformations because of the presence of Q in (29) and (30). However, by using a balanced realization of allpass systems, we can always force Q to be the identity matrix, which yields the invariance property of each of the two Gramians under frequency transformations. This fact has been shown by Theorems 1 and 2, which provide the significance of our present work.
Remark 1:
Strictly speaking, formulation of the Gramianpreserving frequency transformation is presented by not only our present work, but also the work of [12] . However, the formulation given in [12] is applicable to only the lowpass-to-lowpass transformation, which is the simplest class of frequency transformations. On the other hand, our formulation is applicable to arbitrary classes of frequency transformations.
Remark 2:
From the viewpoint of the linear system theory, frequency transformations are defined as lossless bounded-real transformations. In our previous work [11] , we discussed the case of not only lossless bounded-real transformations, but also general (lossy) bounded-real transformations. However, analysis of the Gramians under general transformations will be very complicated, and it is not the scope of our present work.
We next discuss how to realize the Gramian-preserving frequency transformation. As is apparent from Theorem 2, realization of the Gramian-preserving frequency transformation requires construction of a balanced allpass system (α b , β b , γ b , δ b ). A general way to construct this system is to use an appropriate similarity transformation. This approach takes the following steps:
1. From 1/F(z), compute a state-space representation (α, β, γ, δ) and its controllability Gramian Q. 2. Find a nonsingular matrix Λ such that ΛΛ T = Q, and employ the similarity transformation (Λ −1 αΛ, Λ −1 β, γΛ, δ). The resultant system is the balanced allpass system (α b , β b , γ b , δ b ).
This general algorithm requires complicated tasks such as solving simultaneous linear equations and computing matrix inverse. However, there exists an alternative way that is much simpler than the above-mentioned general algorithm. This issue will be discussed in the next section.
Realization of Gramian-Preserving Frequency Transformation Using Cascaded Normalized Lattice Structure
In this section, we present a simple method for realization of the Gramian-preserving frequency transformation. This method makes use of the cascaded normalized lattice structure to construct a balanced allpass system.
Normalized Lattice Structure of Allpass Systems
This subsection reviews the normalized lattice structure of allpass systems and its state-space formulation. First, we introduce the normalized lattice structure of allpass systems [15] . Let an M-th order allpass function be denoted by 1/F(z) as in (8) . As shown in Fig. 2 , 1/F(z) can be realized as the cascaded normalized lattice structure, where ξ i 's for 1 ≤ i ≤ M are real constants called the lattice parameters, and ξ i = 1 − ξ 2 i . The lattice parameters are computed in the following way:
2. From G M (z) and ξ M , compute the (M −1)-st order function 1/F M−1 (z) by using the following relationships: 4. Compute the rest of the lattice parameters recursively by using the following relationships:
We next discuss state-space description of the system of Fig. 2 . Using this block diagram, we see that the statespace coefficients of this system are given as (42)-(45). Now, let the controllability Gramian of ( α, β, γ, δ) be Q, i.e. Fig. 3 Gramian-preserving frequency transformation using the cascaded normalized lattice structure.
Since ( α, β, γ, δ) is the cascaded normalized lattice structure, it follows that Q = I M [12] . Furthermore, since ( α, β, γ, δ) is allpass, its observability Gramian is given as Q −1 = I M . These facts lead to Q = Q −1 = I M , which shows that ( α, β, γ, δ) is a balanced allpass system.
Realization of Gramian-Preserving Frequency Transformation
From the above discussion, it is clear that the Gramianpreserving frequency transformation can be realized by replacing each delay element of H(z) with an allpass system 1/F(z) that has the cascaded normalized lattice structure. Figure 3 illustrates the state-space model obtained through this approach. From this model, we present the following theorem on a simple method for realization of the Gramianpreserving frequency transformation.
Theorem 3:
Let ( A, B, C, D) be a state-space representation of H(z). Also, let ( α, β, γ, δ) be the state-space representation of an allpass system of the cascaded normalized structure, as given by (42)- (45). Then, the set of coefficients given by
has the transfer function H(F(z)), and has the same controllability and observability Gramians as those of ( A, B, C, D) with multiplicity M.
The significance of this approach is that balanced allpass systems for the Gramian-preserving frequency transformations are described in closed form: The coefficients ( α, β, γ, δ) can be obtained directly from 1/F(z) through the H(F(z) ).
lattice parameters, where only a finite number of additions, multiplications and divisions are required. In this sense, this approach is much simpler than the general approach based on the similarity transformation, and very suitable for realization and implementation of transformed discrete-time systems.
Numerical Example
This section gives a numerical example to demonstrate our proposed frequency transformation. As a prototype system, consider the following transfer function H(z) of a singleinput/single-output discrete-time system of order 2:
This transfer function is the lowpass elliptic filter, where the normalized passband-edge frequency is 0.2 π radians, and the passband ripple and the minimum stopband attenuation are 0.5 dB and 45 dB, respectively. The magnitude response of this system is shown in Fig. 4 . We give a state-space representation of this system as follows: 
This state-space system has the following controllability and observability Gramians † :
To the above prototype system, we apply a frequency † If this state-space system is implemented as a digital filter, the filter is said to have the minimum roundoff noise realization [4] . transformation z −1 ← 1/F(z) such that the transformed system H(F(z)) has the bandpass magnitude characteristic with its normalized passband-edge frequencies at 0.6π and 0.9π. The corresponding allpass system 1/F(z) for this transformation can be obtained by the following lowpass-tobandpass transformation function:
where η = cos
From the above relationship, we obtain 1/F(z) as
Now, we apply the above frequency transformation by using 
The magnitude response of this system is shown in Fig. 4 . Now, from (69)-(72) we obtain the controllability and observability Gramians of (Ȃ, 
which clearly show that the transformed system has the same controllability/observability Gramians as those of the prototype system with multiplicity 2. This result confirms that the Gramians of the prototype system is preserved under our proposed frequency transformation. Theorem 3 is applicable to not only the lowpass-tobandpass transformation, but also other type of transformations such as lowpass-to-lowpass, lowpass-to-highpass, lowpass-to-bandstop, and lowpass-to-multiband transformations. It is easy to show this fact: As stated in Remark 1, the Gramian-preserving frequency transformation of Theorem 2 considers the general frequency transformation defined as (8) , and the same holds for Theorem 3. Hence Theorem 3 can make use of arbitrary allpass functions of (8) , which include all of the above-mentioned type of frequency transformations.
Conclusion
This paper has proposed the Gramian-preserving frequency transformation for linear discrete-time state-space systems. Our frequency transformation replaces each delay element of a discrete-time system with a balanced allpass system. It has been proved that this approach generates transformed systems with the same controllability and observability Gramians as those of prototype systems. Furthermore, this paper has presented a simple algorithm for realization of the Gramian-preserving frequency transformation using the cascaded normalized lattice structure of allpass systems. A numerical example has demonstrated these results.
